Herein, the encapsulation mechanism of nickel atoms into carbon and boron nitride nanotubes is investigated to determine the interaction energies between the nickel atom and a nanotube. Classical modelling procedures, together with the 6-12 Lennard-Jones potential function and the hybrid discrete-continuous approach, are used to calculate the interaction of a nickel atoms with ( , ) armchair and ( , 0) zigzag single-walled nanotubes. Analytical expressions for the interaction energies are obtained to determine the optimal radii of the tubes to enclose the nickel atom by determining the radii that give the minimum interaction energies. We first investigate the suction energy of the nickel atom entering the nanotube. The atom is assumed to be placed on the axis and near an open end of a semi-infinite, single-walled nanotube. Moreover, the equilibrium offset positions of the nickel atoms are found with reference to the cross-section of the nanotubes. The results may further the understanding of the encapsulation of Ni atoms inside defective nanotubes. Furthermore, the results may also aid in the design of nanotube-based materials and increase the understanding of their nanomagnetic applications and potential uses in other areas of nanotechnology.
Introduction
The discovery of nanotubes such as carbon nanotubes (CNTs) and boron nitride nanotubes (BNNTs) has had an enormous impact on the study of many technological materials and nanomaterials [1] [2] [3] [4] . CNTs comprise entirely carbon (C) atoms, while BNNTs contain an equal number of nitrogen (N) and boron (B) atoms. These nanotubes have a onedimensional tubular structure. Their geometric configurations can be described by a chiral vector ( , ), where and are a pair of integers known as the chiral vector numbers [5] [6] [7] [8] . The nanotube is called an armchair nanotube, when = , a zigzag nanotube, when = 0, and a chiral nanotube, when ̸ = . CNT and BNNT structures can be single-walled or multiwalled [4, 5, 7, 8] . Owing to their geometries and attractive properties, such as resistance to oxidation, high absorption energies for some molecules, light weight, mechanical stiffness, and high electrical conductance, CNTs and BNNTs have attracted attention in the last two decades as promising materials for many potential applications including electrochemical actuation, field emission, and transistors [5, [9] [10] [11] [12] [13] . Although CNTs and BNNT have structural similarities, the electronic structures of BNNT are expected to be rather different from those of CNTs. For example, the distribution of charge is asymmetric in B-N bonds in BNNTs as compared to the C-C bonds in CNTs, which might create a significant difference between the two types of nanotubes [14] . The functionalization of molecular encapsulation inside nanotubes has given rise to a wide range of fundamental applications in areas of electronics, optics, biomechanics, thermodynamics, biochemistry, and magnetics [13] . The encapsulation of molecules inside nanotubes could be utilized to distinguish metallic CNTs from semiconducting CNTs and to increase CNT solubility in organic media [15] . Furthermore, one of the most important biomedical applications of nanotubes is their use as a delivery system for platinum drugs [16] [17] [18] . In addition, the combination of metal atoms and nanotubes is ideal for fabricating novel one-dimensional nanostructures with various arrangements, and filling nanotubes with magnetic elements like Ni can make them potentially applicable for the storage of magnetic data [19, 20] . Piskunov et al. [20] used first-principles calculations to investigate the encapsulation of nickel atoms into single-walled carbon nanotubes. They 2 Advances in Mathematical Physics found that the most preferable chiral vector numbers for Ni atom insertion into single-walled carbon nanotubes are (5, 5) and (10,0). Yang et al. [21] investigated the interaction of Ni atoms with (5,5) armchair and (10,0) zigzag singlewalled carbon nanotubes using density functional theory calculations. Their results showed that the energies for Ni binding to CNTs and the structures of CNTs are affected by the intrinsic defects which include double vacancies, single vacancies, and Stone-Wales defects. In addition, Zhang et al. [22] used first-principles calculations to investigate the adsorption and catalytic behaviour of nickel atoms inside (5, 5) , (6, 6) , and (7,7) BNNTs. They showed that Ni-BNNTs are promising low-temperature catalysts for CO oxidation. The encapsulation of various metal nanostructures inside CNTs and BNNTs has been successfully demonstrated by different groups using experiments and molecular dynamics simulations (see, for example, [20, [23] [24] [25] [26] ), but very few works in this field have used conventional applied mathematical modelling. Mathematical modelling, together with efforts of experimentalists and molecular dynamics (MD) simulations, can provide a deeper understanding of the interactions between molecules. In this paper, we consider nickel atoms encapsulated inside single-walled armchair ( , ) and zigzag ( , 0) single-walled CNTs and BNNTs. We use the LennardJones potential function together with the hybrid discretecontinuous approach to determine the optimal nanotube size to encapsulate Ni atoms.
Potential Energy
The van der Waals interaction energy between two atoms at a distance apart is derived from the classical Lennard-Jones potential function Φ( ), which is given by
where and are the attractive and repulsive constants, respectively. The interaction energy between two nonbonded molecular structures can be obtained as a summation for each atomic pair, namely,
where Φ( ) is a potential function for atoms and that are separated by a distance on two distinct molecular structures. Using the continuous approach (atoms are assumed to be uniformly distributed over the entire surfaces of the molecules), the double summation in (2) is replaced by the following double-surface integral for each molecule:
where 1 and 2 are the mean atomic surface densities of the first and the second molecule, respectively, and is the distance between the two typical surface elements 1 and 2 . Note that the mean atomic surface density can be calculated by dividing the number of atoms which make up the molecule by the surface area of the molecule (i.e., = number of the atoms/surface area of molecule). In this paper, we use the hybrid discrete-continuous approach to determine the interaction energy. The hybrid model, which is introduced by elements of both (2) and (3), is given by
where Φ( ) is the potential function, denotes the surface density of atoms on the molecule, which is considered continuous, and is the distance between an atom in the molecule, which is modelled as a summation over each of its atoms, and a typical surface element on the continuously modelled molecule. The values of the van der Waals diameters and well depths given in [27] are used here, and we note that these values have been widely used in many research areas. We find the attractive (A) and repulsive (B) constants for the interaction between different types of atoms and , as shown in Table 1 , utilizing the van der Waals diameters and well-depths from Rappi et al. [27] for each atom type. We then used the empirical combining rules = ( + )/2 and = √ , where = 4 6 and = 4 12 . In addition, the surface density of atoms on carbon and boron nitride nanotubes is assumed to be the same as those of their parent materials, namely, graphene and hexagonal boron nitride. The surface density of atoms on a sheet which comprises a tessellation of hexagonal rings can be easily calculated using the relation = 4 √ 3/9 2 , where = 1.42Å and = 1.45Å for lengths of one carbon-carbon and boron-nitride bonds, respectively; thus the atomic surface densities of carbon and boron nitride nanotubes are = 0.3821Å −2 and = 0.3682Å −2 , respectively. Moreover, the nanotube radii can be calculated from = √ 2 + 2 + /2 , where ( , ) denotes the chiral vector and = √ 3Å.
Suction Energy of Ni Atom Entering Single-Walled Nanotube
In this section, we consider the energy of a nickel atom as it enters single-walled carbon and boron nitride nanotubes. In this case, the nanotube is assumed to be a semi-infinite cylinder without taking into account the effects of the other end and the cylinder length. Thus, we only need to consider the short range nature of the van der Waals forces. The Ni atom is assumed to have the coordinates (0, 0, ) and the nanotube of radius is given parametrically by ( cos , sin , ), where − ≤ ≤ and −∞ < < ∞, as shown in Figure 1 . In this configuration, the distance between the Ni atom and a typical point on the tube is given by Therefore, the total interaction energy of the Ni entering the tube is given by
where is the mean atomic surface density of the nanotube (CNT or BNNT). We evaluate the integral ( = 3, 6) as follows:
The integral over is trivial, and therefore
since the integrand is independent of . The integral is evaluated over by making the variable change = − , and we obtain
Upon making the substitution = tan , the integral becomes
where = tan −1 (− / ). The above integral can be evaluated using the formula from [28] (∮ 2.512(2)) ] .
(13)
. . Results and Discussion. Using the aforementioned values of constants and the algebraic computer package MAPLE, the numerical solutions of the interaction energies of the Ni atom entering various carbon and boron nitride nanotubes are obtained. As shown in Figure 2 , the results indicate that the Ni atom is accepted for all nanotubes with different radii, and the energies are more negative inside the tube (positive ) than outside the tube (negative ). Table 2 summarizes the results of the interaction energies between Ni atom and CNTs and BNNTs. Figure 2 and Table 2 show that the interaction energy is strongly dependent on the radius of the nanotube. We observe that the nanotubes with radii bigger than ≈ 2 A are accepted the Ni atom for both CNTs and BNNTs, and the values of interaction energy of Ni atom with nanotubes have been found increasing with radius of the nanotube growth. Also, by minimizing the energy, the results predict that the optimal of the values of the radius to enclose the Ni atom are 2.0344Å and 2.072Å for CNT and BNNT corresponding (3, 3) armchair nanotube and 2.741Å and 2.790Å for CNT and BNNT corresponding (7, 0) zigzag nanotube, respectively.
An Offset Ni Atom Inside a Single-Walled Nanotube
In this section, we study the interaction of the Ni atom situated inside a carbon and boron nitride nanotube. We calculate the potential energy of the interaction between the Ni atom and the nanotube, where the Ni atom is assumed to be located at a distance away from the tube axis. To determine the preferred position of a Ni atom inside a CNT or BNNT, Ni is assumed to be located at ( , 0, 0) inside axially symmetric cylindrical polar coordinates of radius , as shown in Figure 3 , and the nanotubes are assumed to extend infinitely with coordinates ( cos , sin , ), where − ≤ ≤ and −∞ < < ∞. Thus, the distance from the Ni atom to the wall of the nanotube is given by
and the total potential energy of the interaction of the Ni atom inside the nanotube is obtained by
Now, we evaluate the integral ( = 3, 6) as follows:
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The first integral can be evaluated using the beta function, and thus becomes
where B( * , * ) denotes the beta function. To evaluate the second integral of , the use of = sin 2 ( /2) yields
where = −4 /( − ) 2 . In the Euler form, the integral is given by
where ( * , * ; * , * ) denotes the usual hypergeometric function. Since * = 2 * , we may use the quadratic transformation from [29] , which gives
) .
. . Results and Discussion. By utilizing the aforementioned constant values together with the algebraic computer package MAPLE, we evaluated (15) to determine the preferred position of a Ni atom inside (5, 5), (6, 6) , (10, 0) , and (11, 0) carbon and boron nitride nanotubes. By minimizing the total potential energy of the Ni atom inside CNTs and BNNTs, Figure 4 shows that the preferred location of the Ni atom inside (5, 5) for both CNT and BNNT is on the tube axis (i.e., = 0). In addition, for (6, 6), (10, 0), and (11, 0) nanotubes, we find that, for the case of CNT, = 0.952Å, = 0.756 A, and = 1.230Å, respectively. For the case of BNNT, = 1.001Å, = 0.804Å, and = 1.280Å, respectively. These results indicate that as the radius of the tube increases, the location where the minimum energy occurs tends to be closer to the nanotube wall.
Conclusions
This study investigated the interaction between nickel atoms and carbon and boron nitride nanotubes using the 6-12 Lennard-Jones potential function and the hybrid discretecontinuous approach to determine the preferred radii of the nanotubes for encapsulating the nickel atoms. We observed that the encapsulation of Ni atoms inside both CNTs and BNNTs depended strongly on the nanotube radius. In addition, we used the algebraic computer package MAPLE to numerically evaluate the interaction energies between a Ni atom and the nanotubes. The results indicated that the encapsulation of the Ni atom into a single-walled CNTs and BNNTs nanotubes may occur for nanotubes with greater than 2Å. Our results are in a good agreement with others works [20, 22] . Moreover, these results indicate that the interaction between BNNTs and Ni atom is stronger than 6 Advances in Mathematical Physics the interaction between CNTs and Ni atom since the former showed the lowest minimum energy. The results of this study may stimulate further studies of other metal atom interactions inside nanotubes.
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